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Abstract. We confirm a conjectural supercongruence involving Catalan numbers, which
is one of the 100 selected open conjectures on congruences of Sun. The proof makes use
of hypergeometric series identities and symbolic summation method.
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1 Introduction
In 2003, Rodriguez-Villegas [12] conjectured the following four supercongruences associ-
ated to certain elliptic curves:
p−1∑
k=0
(
2k
k
)2
16k
≡
(
−1
p
)
(mod p2),
p−1∑
k=0
(
2k
k
)(
3k
k
)
27k
≡
(
−3
p
)
(mod p2),
p−1∑
k=0
(
2k
k
)(
4k
2k
)
64k
≡
(
−2
p
)
(mod p2),
p−1∑
k=0
(
3k
k
)(
6k
3k
)
432k
≡
(
−1
p
)
(mod p2),
where p ≥ 5 is a prime and
(
·
p
)
denotes the Legendre symbol. These four supercongru-
ences were first proved by Mortenson [10, 11] by using the Gross-Koblitz formula. Guo,
Pan and Zhang [2] established some interesting q-analogues of the above four supercon-
gruences. For more q-analogues of congruences, one can refer to [1, 3, 4].
Let En be the nth Euler number. In 2016, Z.-H. Sun [15] proved that for any prime
p ≥ 5,
p−1∑
k=0
(
4k
2k
)(
2k
k
)
(2k + 1)64k
≡ (−1)
p−1
2 − 3p2Ep−3 (mod p
3),
which was originally conjectured by Z.-W. Sun [16]. Note that
(
4k
2k
)
/(2k + 1) is the 2kth
Catalan number.
Mao and Z.-W. Sun [9] showed that for any prime p ≥ 5,
(p−1)/2∑
k=0
(
4k
2k
)(
2k
k
)
(2k + 1)64k
≡ (−1)
p−1
2 2p−1 (mod p2). (1.1)
Z.-W. Sun [17, Conjecture 11] also conjectured an extension of (1.1) as follows.
1
Conjecture 1.1 (Sun, 2019) For any prime p ≥ 5, we have
(p−1)/2∑
k=0
(
4k
2k
)(
2k
k
)
(2k + 1)64k
≡ (−1)
p−1
2
(
2p−1 − (2p−1 − 1)2
)
(mod p3). (1.2)
The main purpose of the paper is to prove (1.2). Our proof is based on hypergeometric
series identities and symbolic summation method. Before proving (1.2), we need the
following two key results.
Theorem 1.2 For any prime p ≥ 5, we have
(p−1)/2∑
k=0
(
2k
k
)
(2k − 1)24k
≡ (−1)
p−1
2
(
2p−1 − qp(2)
)
(mod p2), (1.3)
(p−1)/2∑
k=0
(
2k
k
)2
(2k − 1)316k
≡ 2− 2qp(2)− p
(
qp(2)
2 − 4qp(2) + 3
)
(mod p2), (1.4)
where qp(2) is the Fermat quotient (2
p−1 − 1)/p.
Theorem 1.3 The supercongruence (1.2) is true.
We shall prove Theorems 1.2 and 1.3 in Sections 2 and 3, respectively.
2 Proof of Theorem 1.2
Lemma 2.1 For any integer n ≥ 2, we have
n∑
k=0
(−n)k(n− 1)k
(1)k
(
1
2
)
k
=
(−1)n−1
2n− 1
, (2.1)
n∑
k=0
(−n)k(n− 1)k
(
−1
2
)
k
(1)2k
(
1
2
)
k
=
4n(n− 1)
2n− 1
, (2.2)
where (a)0 = 1 and (a)k = a(a+ 1) · · · (a+ k − 1) for k ≥ 1.
Proof. Recall Gauss’s theorem [14, (1.7.6), page 28]:
2F1
[
a b
c
; 1
]
=
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)
, (2.3)
provided that ℜ(c− a− b) > 0. Letting a = −n, b = n− 1 and c = 1
2
in (2.3) gives
2F1
[
−n n− 1
1
2
; 1
]
=
Γ
(
1
2
)
Γ
(
3
2
)
Γ
(
1
2
+ n
)
Γ
(
3
2
− n
) = (−1)n−1
2n− 1
,
2
which is (2.1).
Also, we have the following transformation formula of hypergeometric series [14,
(2.5.11), page 76]:
3F2
[
a b −n
e f
; 1
]
=
(e− a)n(f − a)n
(e)n(f)n
× 3F2
[
1− s a −n
1 + a− e− n 1 + a− f − n
; 1
]
, (2.4)
where s = e + f − a − b + n. Letting a = n − 1, b = −1
2
, e = x and f = 3
2
− x in (2.4)
yields
3F2
[
n− 1 −1
2
−n
x 3
2
− x
; 1
]
=
(x+ 1− n)n
(
5
2
− x− n
)
n
(x)n
(
3
2
− x
)
n
× 3F2
[
−2 n− 1 −n
−x x− 3
2
; 1
]
. (2.5)
Furthermore, we can evaluate the terminating hypergeometric series on the right-hand
side of (2.5):
3F2
[
−2 n− 1 −n
−x x− 3
2
; 1
]
=
4x4 − 12x3 + (−8n2 + 8n+ 11)x2 + (12n2 − 12n− 3)x+ 4n(n− 1)(n2 − n− 1)
x(x− 1)(2x− 1)(2x− 3)
.
It follows that
3F2
[
n− 1 −1
2
−n
x 3
2
− x
; 1
]
=
(x+ 1− n)n
(
5
2
− x− n
)
n
(x)n
(
3
2
− x
)
n
×
4x4 − 12x3 + (−8n2 + 8n+ 11)x2 + (12n2 − 12n− 3)x+ 4n(n− 1)(n2 − n− 1)
x(x− 1)(2x− 1)(2x− 3)
.
(2.6)
Letting x→ 1 on both sides of (2.6) and noting that
lim
x→1
4x4 − 12x3 + (−8n2 + 8n+ 11)x2 + (12n2 − 12n− 3)x+ 4n(n− 1)(n2 − n− 1)
x(2x− 1)(2x− 3)
= −4n2(n− 1)2,
3
and
lim
x→1
(x+ 1− n)n
(
5
2
− x− n
)
n
(x− 1)(x)n
(
3
2
− x
)
n
= −
1
n(n− 1)(2n− 1)
,
we arrive at
3F2
[
n− 1 −1
2
−n
1 1
2
; 1
]
=
4n(n− 1)
2n− 1
,
which proves (2.2). 
Proof of (1.3). We can rewrite (2.1) as
n−1∑
k=0
(−n)k(n− 1)k
(1)k
(
1
2
)
k
=
(−1)n−1
2n− 1
−
(−n)n(n− 1)n
(1)n
(
1
2
)
n
=
(−1)n−1
2n− 1
(
1 + 4n−1(2n− 2)
)
= (−1)n−1
(
22n−2 −
22n−2 − 1
2n− 1
)
. (2.7)
Letting n = p+1
2
in (2.7) gives
(p−1)/2∑
k=0
(
−1−p
2
)
k
(
−1+p
2
)
k
(1)k
(
1
2
)
k
= (−1)
p−1
2
(
2p−1 − qp(2)
)
.
Since for 0 ≤ k ≤ p−1
2
,
(
−1 − p
2
)
k
(
−1 + p
2
)
k
≡
(
−
1
2
)2
k
(mod p2), (2.8)
we have
(p−1)/2∑
k=0
(
−1
2
)2
k
(1)k
(
1
2
)
k
≡ (−1)
p−1
2
(
2p−1 − qp(2)
)
(mod p2). (2.9)
Note that (
1
2
)
k
(1)k
=
(
2k
k
)
4k
, (2.10)
(
−1
2
)
k(
1
2
)
k
=
1
1− 2k
. (2.11)
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Then the proof of (1.3) follows from (2.9)–(2.11). 
Proof of (1.4). We can rewrite (2.2) as
n−1∑
k=0
(−n)k(n− 1)k
(
−1
2
)
k
(1)2k
(
1
2
)
k
=
4n(n− 1)
2n− 1
−
(−n)n(n− 1)n
(
−1
2
)
n
(1)2n
(
1
2
)
n
=
1
2n− 1
(
4n(n− 1) + (−1)n
(
2n− 2
n
))
. (2.12)
Letting n = p+1
2
in (2.12) and using (2.8), we obtain
(p−1)/2∑
k=0
(
−1
2
)3
k
(1)2k
(
1
2
)
k
≡
1
p
(
p2 − 1 + (−1)
p+1
2
(
p− 1
p+1
2
))
(mod p2).
For 0 ≤ k ≤ p− 1, we have
(
p− 1
k
)
≡ (−1)k
(
1− p
k∑
i=1
1
i
+ p2
∑
1≤i<j≤k
1
ij
)
(mod p3)
= (−1)k
(
1− pHk +
p2
2
(
H2k −H
(2)
k
))
, (2.13)
where
H
(r)
k =
k∑
j=1
1
jr
,
with the convention that Hk = H
(1)
k . It follows that
(p−1)/2∑
k=0
(
−1
2
)3
k
(1)2k
(
1
2
)
k
≡
p
2
(
H2p+1
2
−H
(2)
p+1
2
+ 2
)
−H p+1
2
=
p
2
(
H2p−1
2
+ 4H p−1
2
−H
(2)
p−1
2
+ 6
)
−H p−1
2
− 2 (mod p2). (2.14)
By [6, (41)] and [16, Lemma 2.4], we have
H p−1
2
≡ −2qp(2) + pqp(2)
2 (mod p2), (2.15)
and
H
(2)
p−1
2
≡ 0 (mod p). (2.16)
5
Substituting (2.15) and (2.16) into (2.14) gives
(p−1)/2∑
k=0
(
−1
2
)3
k
(1)2k
(
1
2
)
k
≡ 2qp(2)− 2 + p
(
qp(2)
2 − 4qp(2) + 3
)
(mod p2). (2.17)
Finally, applying (2.10) and (2.11) to the left-hand side of (2.17), we reach
(p−1)/2∑
k=0
(
2k
k
)2
(2k − 1)316k
≡ 2− 2qp(2)− p
(
qp(2)
2 − 4qp(2) + 3
)
(mod p2),
as desired. 
3 Proof of Theorem 1.3
Lemma 3.1 For any non-negative integer n, we have
n∑
k=0
(−n)k (n + 1)k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
1
2
)
k
(
3
2
)
k
=
(
2n
n
)
4n
, (3.1)
and
n∑
k=0
(−n)k (n+ 1)k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
1
2
)
k
(
3
2
)
k
k∑
j=1
1
(2j − 1)2
= −
(
2n
n
)
4n
(
3 +
n∑
k=1
1
(2k − 1)2
)
+
2
2n+ 1
n∑
k=0
(
2k
k
)
(2k − 1)24k
−
4n
(2n+ 1)
(
2n
n
) n∑
k=0
(
2k
k
)2
(2k − 1)316k
. (3.2)
Proof. Recall that (see [14, (2.4.2.2), page 65])
4F3
[
d 1 + f − g f
2
f+1
2
1 + f 1+f+d−g
2
1 + f+d−g
2
; 1
]
=
Γ(g − f)Γ(g − d)
Γ(g)Γ(g − f − d)
. (3.3)
Letting d = −n, f = 1
2
and g = −n + 1
2
in (3.3), we obtain
4F3
[
−n n + 1 1
4
3
4
1 1
2
3
2
; 1
]
=
Γ(−n)Γ
(
1
2
)
Γ
(
−n + 1
2
)
Γ(0)
=
(
2n
n
)
4n
,
which is (3.1).
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On the other hand, (3.2) can be discovered and proved by symbolic summation package
Sigma due to Schneider [13]. One can refer to [8] for the same approach to finding and
proving identities of this type. 
Proof of (1.2). Recall that (see [7, (4.4)])(
1 + p
2
)
k
(
1− p
2
)
k
≡
(
1
2
)2
k
(
1− p2
k∑
j=1
1
(2j − 1)2
)
(mod p4). (3.4)
Letting n = p−1
2
in (3.1) and using (3.4), we obtain
(p−1)/2∑
k=0
(
1
2
)
k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
3
2
)
k
≡
1
2p−1
(
p− 1
p−1
2
)
+ p2
(p−1)/2∑
k=0
(
1
2
)
k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
3
2
)
k
k∑
j=1
1
(2j − 1)2
(mod p4), (3.5)
where we have utilized the fact
(
1
4
)
k
(
3
4
)
k
/
(
3
2
)
k
∈ Zp for 0 ≤ k ≤
p−1
2
.
From (3.4), we deduce that(
1 + p
2
)
k
(
1− p
2
)
k
≡
(
1
2
)2
k
(mod p2). (3.6)
Letting n = p−1
2
in (3.2) and using (3.6) gives
(p−1)/2∑
k=0
(
1
2
)
k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
3
2
)
k
k∑
j=1
1
(2j − 1)2
≡ −
1
2p−1
(
p− 1
p−1
2
)3 + (p−1)/2∑
k=1
1
(2k − 1)2

+ 2
p
(p−1)/2∑
k=0
(
2k
k
)
(2k − 1)24k
−
2p−1
p
(p−1
p−1
2
) (p−1)/2∑
k=0
(
2k
k
)2
(2k − 1)316k
(mod p2). (3.7)
Substituting (3.7) into (3.5) yields
(p−1)/2∑
k=0
(
1
2
)
k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
3
2
)
k
≡
1
2p−1
(
p− 1
p−1
2
)
−
p2
2p−1
(
p− 1
p−1
2
)3 + (p−1)/2∑
k=1
1
(2k − 1)2


+ 2p
(p−1)/2∑
k=0
(
2k
k
)
(2k − 1)24k
−
2p−1p(p−1
p−1
2
) (p−1)/2∑
k=0
(
2k
k
)2
(2k − 1)316k
(mod p4).
(3.8)
7
Furthermore, by (2.13), (2.15) and (2.16) we have(
p− 1
p−1
2
)
≡ (−1)
p−1
2
(
1− pH p−1
2
+
p2
2
(
H2p−1
2
−H
(2)
p−1
2
))
≡ (−1)
p−1
2
(
1 + 2pqp(2) + p
2qp(2)
2
)
(mod p3). (3.9)
By (2.16) and the Wolstenholme’s theorem [5, page 114], we have
(p−1)/2∑
k=1
1
(2k − 1)2
= H
(2)
p−1 −
1
4
H
(2)
p−1
2
≡ 0 (mod p). (3.10)
Setting 2p−1 = a and qp(2) = (a − 1)/p, and then substituting (1.3), (1.4), (3.9) and
(3.10) into (3.8), we arrive at
(p−1)/2∑
k=0
(
1
2
)
k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
3
2
)
k
≡ (−1)
p−1
2
(
a3 − 2a2 + 4a− 2
2a− 1
+
3(a− 1)2p2
a(2a− 1)
)
(mod p3)
= (−1)
p−1
2
(
a− (a− 1)2 +
3(a− 1)3
2a− 1
+
3(a− 1)2p2
a(2a− 1)
)
.
By the Fermat’s little theorem, we have a− 1 ≡ 0 (mod p), and so
(p−1)/2∑
k=0
(
1
2
)
k
(
1
4
)
k
(
3
4
)
k
(1)2k
(
3
2
)
k
≡ (−1)
p−1
2
(
a− (a− 1)2
)
(mod p3). (3.11)
Note that (
1
4
)
k
(
3
4
)
k
(1)2k
=
(
4k
2k
)(
2k
k
)
64k
, (3.12)
(
1
2
)
k(
3
2
)
k
=
1
2k + 1
. (3.13)
Then the proof of (1.2) follows from (3.11)–(3.13). 
Acknowledgments. This work was supported by the National Natural Science Founda-
tion of China (grant 11801417).
References
[1] V.J.W. Guo and J.-C. Liu, q-Analogues of two Ramanujan-type formulas for 1/pi, J. Dif-
ference Equ. Appl. 24 (2018), 1368–1373.
8
[2] V.J.W. Guo, H. Pan and Y. Zhang, The Rodriguez-Villegas type congruences for truncated
q-hypergeometric functions, J. Number Theory 174 (2017), 358–368.
[3] V.J.W. Guo and M.J. Schlosser, Some q-supercongruences from transformation formulas
for basic hypergeometric series, Constr. Approx., to appear.
[4] V.J.W. Guo and M. J. Schlosser, Some new q-congruences for truncated basic hypergeo-
metric series: even powers, Results Math. 75 (2020), Art. 1.
[5] G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, sixth ed., Oxford
University Press, Oxford, 2008.
[6] E. Lehmer, On congruences involving Bernoulli numbers and the quotients of Fermat and
Wilson, Ann. Math. 39 (1938), 350–360.
[7] J.-C. Liu, On Van Hamme’s (A.2) and (H.2) supercongruences, J. Math. Anal. Appl. 471
(2019), 613–622.
[8] J.-C. Liu, Semi-automated proof of supercongruences on partial sums of hypergeometric
series, J. Symbolic Comput. 93 (2019), 221–229.
[9] G.-S. Mao and Z.-W. Sun, New congruences involving products of two binomial coefficients,
Ramanujan J. 49 (2019), 237–256.
[10] E. Mortenson, A supercongruence conjecture of Rodriguez-Villegas for a certain truncated
hypergeometric function, J. Number Theory 99 (2003), 139–147.
[11] E. Mortenson, Supercongruences between truncated 2F1 hypergeometric functions and their
Gaussian analogs, Trans. Amer. Math. Soc. 355 (2003), 987–1007.
[12] F. Rodriguez-Villegas, Hypergeometric families of Calabi-Yau manifolds, in: Calabi-Yau
Varieties and Mirror Symmetry (Toronto, ON, 2001), Fields Inst. Commun., 38, Amer.
Math. Soc., Providence, RI, 2003, 223–231.
[13] C. Schneider, Symbolic summation assists combinatorics, Se´m. Lothar. Combin. 56 (2007),
B56b, 36 pp.
[14] L.J. Slater, Generalized Hypergeometric Functions, Cambridge University Press, Cam-
bridge, 1966.
[15] Z.-H. Sun, Super congruences involving Bernoulli polynomials, Int. J. Number Theory 12
(2016), 1259–1271.
[16] Z.-W. Sun, Super congruences and Euler numbers, Sci. China Math. 54 (2011), 2509–2535.
[17] Z.-W. Sun, Open conjectures on congruences, Journal of Nanjing University Mathematical
Biquarterly 36 (2019), 1–99.
9
